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Abstract
We construct a localized state of a scalar field in 3D spin-3 gravity. 3D
spin-3 gravity is thought to be holographically dual to W3 extended CFT on
a boundary at infinity. It is known that while W3 algebra is a non-linear alge-
bra, in the limit of large central charge c a linear finite-dimensional subalgebra
generated by Wn (n = 0,±1,±2) and Ln(n = 0,±1) is singled out. The lo-
calized state is constructed in terms of these generators. To write down an
equation of motion for a scalar field which is satisfied by this localized state
it is necessary to introduce new variables for an internal space α±, β±, γ,
in addition to ordinary coordinates x± and y. The higher-dimensional space,
which combines the bulk spacetime with the ‘internal space’, which is an ana-
log of superspace in supersymmetric theory, is introduced. The ‘physical bulk
spacetime’ is a 3D hypersurface with constant α±, β± and γ embedded in this
space. We will work in Poincare´ coordinates of AdS space and consider W-
quasi-primary operators Φh(x
+) with a conformal weight h in the boundary
and study two and three point functions of W-quasi-primary operators trans-
formed as eix
+Lh
−1eβ
+Wh
−1Φh(0)e
−β+Wh
−1e−ix
+Lh
−1 . Here Lhn andW
h
n are sl(3,R)
generators in the hyperbolic basis for Poincare´ coordinates. It is shown that
in the β+ → ∞ limit, the conformal weight changes to a new value h′ = h/2.
This may be regarded as a Renormalization Group (RG) flow. It is argued that
this RG flow will be triggered by terms ∆S ∝ β+Wh−1 + β
−W
h
−1 added to the
action.
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1 Introduction
Higher spin theory is a toy model of string theory. In [1] 3d O(N) vector theory
is shown to be dual to 4d Vasiliev theory[2]. In 3d it is possible to truncate higher
spins to s ≤ N and the dynamics of higher spin theory can be described in terms
of sl(N,R) ⊕ sl(N,R) Chern-Simons (CS) gauge theory.[3] In [4][5] minimal model
of higher spin theory was proposed by using coset construction. Black hole solution
was obtained in [6].
We will focus on spin 3 gravity and W3 algebra. Spin-3 gravity in three dimen-
sions can be formulated as sl(3, R)⊕ sl(3,R) Chern-Simons (CS) gauge theory.[10][11]1
This is considered to be dual to W3-extended CFT2 on the boundary. [3] The W3-
extended conformal algebra is a non-linear algebra[7][8] defined by
[Lm, Ln] = (m− n)Lm+n +
c
12
m(m2 − 1) δm+n,0,
[Lm,Wn] = (2m− n)Wm+n,
[Wm,Wn] = −
c
36
m(m2 − 1)(m2 − 4) δm+n,0
−
1
3
(m− n)(2m2 + 2n2 −mn− 8)Lm+n
−10β(m− n)Λm+n, (m,n ∈ Z). (1.1)
Here Λm is a normal-ordered operator
Λm =
∞∑
n=−∞
(Lm−n, Ln)−
3
10
(m+ 3)(m+ 2)Lm,
=
∑
n≤−2
LnLm−n +
∑
n≥−1
Lm−nLn −
3
10
(m+ 3)(m + 2)Lm, (1.2)
and β is a constant related to the central charge c:
β =
16
22 + 5c
. (1.3)
The normalization of Wn is modified compared to that in [8] by multiplying the
right hand side of the equation for commutator [Wm,Wn] by a factor −10.
2 We will
1These Lie algebras are related to generalizations of 3d diffeomorphism and local Lorentz trans-
formations. They should not be confused with those associated with the chiral and anti-chiral W3
algebras on the 2d boundary, which will be henceforth discussed in this paper.
2This makes the central charge term of this commutator negative for c > 0. If we adopt a
rule of hermitian conjugation, (Wn)
† = W−n, this creates negative norm states. Even if we define
(Wn)
† = −W−n, there are negative norm states, since in the semi-classical limit the algebra gives
[W2,W−2] = −16L0 and [W1,W−1] = 2L0. See (1.4). This will be important, when applying the
c-theorem[9]. In this paper this issue will not be studied.
2
adopt the rule of hermitian conjugation (Wn)
† =W−n.
3
In the semi-classical limit of the bulk theory c → ∞, β (1.3) is O(c−1), and by
dropping the 3rd term in (1.1), we can restrict discussion to the sub-algebra of the
wedge modes, Ln (n = 0,±1) andWm (m = 0,±1,±2). It is a linear sl(3,R) algebra
and given by
[Lm, Ln] = (m− n)Lm+n, [Lm,Wn] = (2m− n)Wm+n,
[Wm,Wn] = −
1
3
(m− n) {2m2 + 2n2 −mn− 8}Lm+n. (1.4)
While algebra sl(3,R) ⊕ sl(3,R) is a generalization of diffeomorphism and local
Lorentz symmetry in Chern-Simons (CS) gauge theory, this algebra sl(3,R) ⊕ sl(3,R)
is also a symmetry algebra of boundary CFT as well as the bulk, where each sl(3,R)
is a global W3 algebra for rightmover and leftmover, respectively. In this paper we
will address a new renormalization group flow in W3 confromal field theory (CFT)
and its description in terms of a geometry of higher dimensional space for spin-3
gravity in AdS3 space, which is obtained by combining an ‘internal space’ and an
ordinary spacetime. In CFT operators are assigned to each point in the space by
moving by L−1 and its anti-holomorphic partner L−1. In W3 extended CFT W−2
and W−1 also move operators in the ‘internal space’.
4
In AdSd+1 gravity the spacetime can be embedded as a hypersurface into a d+2
dimensional Minkowski space Md,2. This flat space has SO(d,2) symmetry and at
any point on the hypersurface we have an invariant subgroup SO(d,1). In the case
of AdS3, SO(2,2)=SL(2,R) ⊗ SL(2,R) and the symmetry at a point in the bulk is
SL(2,R). By using this property a localized state of a scalar field put inside the bulk
of AdS3 space was constructed in [12][14][15][13]. There have also been attempts
to reconstruct bulk fields from the boundary CFT data by using bulk to boundary
propagators.[16][17][18] In the case of 3d spin-3 gravity, however, we do not have
embedding of the curved AdS spacetime including the internal space for W3 gauge
symmetry within a higher-dimensional flat space. Best we can do is to make an
assumption on the invariant subgroup according to symmetry considerations. At
least for the localized state for a scalar field such an extension is straightforward.
3To switch to the other rule (Wn)
† = −W−n we need to make a replacement Wn → iWn.This
change can alternatively be performed by replacement of parameters α±, β±, γ → iα±, iβ±, iγ in
(4.1) in sec. 4.
4This space is associated with spin-3 gauge transformation. It is actually not an internal space;
its coordinates mix with those of the real space under W3 transformations. However, in this paper
we will call this space an ‘internal space’.
3
In the case of AdS3 gravity, where isometry is SL(2,R) ⊗ SL(2,R), the condition
for the localized state of a scalar field |ψ〉 put in the center of the bulk is given in
terms of the generators of a sub-algebra sl(2,R) and given by [12][14][15][13]
(Ln − (−1)
n L−n)|ψ〉 = 0 (n = −1, 0, 1). (1.5)
In the case of spin-3 gravity the symmetry algebra sl(3,R) ⊕ sl(3,R) is generated
by Ln, Ln (n = 0,±1) and Wn, W n (n = 0,±1,±2). For this theory conditions
for a localized state of a scalar filed with W charge will be expressed in terms of
generators of the sl(3,R) sub-algebra which contains the above sl(2,R) sub-algebra.
Then the conditions for localized state will be (1.5) and5
(Wn − (−1)
nW−n)|ψ〉 = 0 (n = −2,−1, . . . , 2). (1.6)
The first purpose of this paper is to construct a localized bulk state of a scalar
field with a W3 charge in 3d spin 3 gravity by solving (1.5) and (1.6) and study
the equation of motion for the scalar field. We will work in Poincare´ coordinates
and denote sl(3,R) generators as Lhn and W
h
n . The generators without superscript
h, Ln and Wn, are generators in the elliptic basis for the global coordinates[13].
These are related by (2.13) and (2.18). To write down the equation of motion it
is necessary to introduce coordinates α±, β± and γ for the ‘internal space’.6 This
higher-dimensional space is an analog of superspace in supersymmetric theory and
this will be called W space in this paper. Structure of the W space obtained by
combining 3d bulk spacetime and this ‘internal space’ will be elucidated. Metric of
this W space (5.5) is shown to be a solution to higher-dimensional Einstein equation
(5.6) with negative cosmological constant. The second purpose is to obtain an infi-
nite dimensional representation in the bulk of the wedge mode algebra (1.4) in terms
of differential operators ∂x± , ∂α± , ∂β± , ∂γ in addition to ordinary derivatives ∂x± , ∂y.
Here y is a radial coordinate. With this representation it is possible to obtain two-
and three-point functions of quasi-primary operators Φ(x+, α+, β+, x−, α−, β−) at
x± = t±x on the boundary and at (α±, β±) in the ‘internal space’, which are actually
descendants created from a Virasoro quasi-primary field Φ(x+, x−) by W h−1,W
h
−2,
W
h
−1, and W
h
−2. Similar type of correlation functions are computed by Fateev and
Ribault in [20] by using their variables x, y, and w for a representation of sl(3,R)
5The localized state for a scalar field with distinct values of chiral and anti-chiral W charges µ
and µ¯, the right hand side of the equation for n = 0 needs to be replaced by a non-zero constant.
6These are sources for W h−2, W
h
−2, W
h
−1, W
h
−1, and W
h
0 +W
h
0 . See (4.1).
4
different from ours. Even if these variables may be related to our x, α and β by
suitable change of variables, the relation of the two sets of variables are not known.
Hence it is necessary to construct the representation of sl(3,R) algebra in terms of
(x, α, β) from scratch.
By using the above results it will be argued that the combined space of the bulk
space and the internal space describes a renormalization group (RG) flow along
β± coordinates as well as along holographic y coordinate from an AdS3 vacuum
with W3 symmetry to another AdS3 vacuum. These two vacua are located on 3D
hypersurfaces at β± = 0 and β± = ∞, respectively. The AdS radii of the two
AdS3 spaces are different by a factor 2. This flow is also confirmed by study of
correlation functions. Two- and three-point functions of W-descendants, which are
quasi-primary fields moved in the internal space by W h−1 and W
h
−2, are computed.
7
Two point function of quasi-primary chiral operators Φh(x
+, α+, β+) at α+ = β+ =
0 have the form
〈0|Φh(x
+
1 , 0, 0)Φh(x
+
2 , 0, 0)|0〉 =
1
(x+12)
2h
. (x+12 ≡ x
+
1 − x
+
2 ) (1.7)
When the background for β+ is introduced, the two point function becomes compli-
cated, (6.8), and when a limit β+ →∞ is taken, we have
lim
β+→∞
〈0|(β+)hΦh(x
+
1 , 0, β
+)(β+)hΦh(x
+
2 , 0, β
+)|0〉 =
1
(x+12)
h
.
Hence the conformal weight changes as h→ h/2.
Similar RG flow was reported in [22]8, where a solution to the equation of motion
in sl(3,R) ⊕ sl(3,R) CS theory of 3d spin 3 gravity, which represents RG flow between
W3 and W
(2)
3 [24] vacua, was obtained and it was shown that stress tensor TUV in
the UV, which has conformal weights (h, h¯) = (2, 0), flows to an operator with
(h′, h¯′) = (0, 4) in the IR. Because the pattern of the change of the conformal weight
is similar to our case, field theory is also expected to flow to W
(2)
3 vacuum in the
RG flow of the present paper. In sec.7 it is also shown that Lh−1 in β
+ = 0 vacuum
flows to W h−2 at β
+ →∞. W h−2 is a ‘new L
h
−1’ for W
(2)
3 theory. However, properties
of our flow and that in [22] are distinct: our flow is associated with a transformation
of quasi-primary operators O → eβ
+Wh−1Oe−β
+Wh−1 . It will be argued in sec.7 that
this flow is driven by the following additional terms in the action.
∆S = β+(−iW h−1) + β
−(−iW
h
−1). (1.8)
7Some properties of three-point functions of W-descendats are discussed in [21].
8Two vacua of spin-3 gravity is also discussed in [23].
5
The generators W h−1 and W
h
−1 are anti-hermitian, and their c-number counterparts
are pure imaginary.
This paper is organized as follows. In sec.2 a boundary state in Poincare´ co-
ordinates is related to the primary state at the origin of Euclidean plane. In sec.
3 a localized state for a scalar field in the bulk is constructed for 3D spin 3 grav-
ity. In sec. 4 an infinite dimensional representation of generators in the Poincare´
coordinates, Lhn(n = −1, 0, 1) and W
h
n (n = −2,−1, 0, 1, 2), is constructed. In sec.
5 scalar equation of motion is derived and the metric tensor of the 8 dimensional
space obtained by combining 3d spacetime and the ‘internal space’ is obtained. This
turns out a specific solution to the Einstein equation with negative cosmological con-
stant. It is pointed out that this space describes a RG flow from one W3 vacuum
to another. In sec. 6 two- and three-point functions of quasi-primary holomorphic
operators Φ(x+, α+, β+) on the boundary and the internal space are calculated by
solving differential equations which comes from W3 symmetry of the vacuum. In
sec. 7 it is shown that these correlation functions show a RG flow along the β+
coordinate. It is also argued that this RG flow is triggered by adding extra terms to
the action. Sec. 8 is left for summary. Two appendices A, B contain some technical
details for obtaining costraints on the boundary state and the localized state in the
bulk.
2 A Boundary State
In this section we will consider a localized state of a scalar field, which is ex-
trapolated to the boundary. This state |ψ〉B is obtained from |ψ〉 by the following
transformation[13].
|ψ〉B = lim
ρ→∞
g(ρ) |ψ〉, (2.1)
g(ρ) = e−ρ
1
2
(L1−L−1+L1−L−1) (2.2)
The state on the boundary satisfies the following conditions in stead of (1.5) and
(1.6).
lim
ρ→∞
g(ρ) (Ln − (−1)
n L−n) g(ρ)
−1|ψ〉B = 0, (n = −1, 0, 1), (2.3)
lim
ρ→∞
g(ρ) (Wn − (−1)
nW−n) g(ρ)
−1|ψ〉B = 0 (n = −2,−1, 0, 1, 2) (2.4)
6
Let us first consider (2.3). By working out several commutators the equations in
(2.3) before the limit ρ→∞ are given by
[
(L0 − L0) cosh ρ−
1
2
(L1 + L−1 − L1 − L−1) sinh ρ
]
|ψ〉B = 0, (2.5)[1
2
(L1 − L−1 + L−1 − L1) +
1
2
(L1 + L−1 + L−1 + L1) cosh ρ
−(L0 + L0) sinh ρ
]
|ψ〉B = 0, (2.6)[1
2
(L1 − L−1 + L−1 − L1) +
1
2
(L1 + L−1 + L−1 + L1) cosh ρ
−(L0 + L0) sinh ρ
]
|ψ〉B = 0. (2.7)
In the limit ρ → ∞ the above three conditions degenerate into two independent
ones, and after taking appropriate linear combinations these are given by
[
L0 −
1
2
(L1 + L−1)
]
|ψ〉B = 0, (2.8)[
L0 −
1
2
(L1 + L−1)
]
|ψ〉B = 0. (2.9)
A solution to these conditions are constructed on the primary state
|O∆〉 = lim
t→i∞
O∆(φ = 0, t)|0〉, (2.10)
where O∆(φ, t) is a scalar primary operator with a conformal weight (h, h¯) =
(∆/2,∆/2) and a scaling dimension ∆ on the boundary. φ is an angular variable
in the global coordinates. This state corresponds to a scalar operator put on the
infinite past of the Euclidean boundary, and |0〉 is the vacuum in the global patch.
This state satisfies9
L0|O∆〉 =
∆
2
|O∆〉, L1|O∆〉 = 0,
L0|O∆〉 =
∆
2
|O∆〉, L1|O∆〉 = 0. (2.11)
It turns out the boundary state |ψ〉B is given by
|ψ〉B = e
L−1+L−1 |O∆〉. (2.12)
This is shown by directly checking (2.8)-(2.9). It can also be shown that the operator
which acts on |ψ〉B in (2.8) agrees with the Virasoro generator L
h
1 in the hyperbolic
9For a while we will consider only the holomorphic and anti-holomorphic global Virasoro algebras.
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representation for the Poincare´ coordinates.[13]
Lh1 = −L0 +
1
2
(L1 + L−1),
Lh0 =
1
2
(L1 − L−1),
Lh−1 = L0 +
1
2
(L1 + L−1) (2.13)
There are similar relations for L
h
n. L
h
0 is anti-hermitian and L
h
±1 are hermitian. The
state |ψ〉B satisfies the quasi-primary conditions for Virasoro algebra in the Poincare´
coordinates.
Lh1 |ψ〉B = L
h
1 |ψ〉B = 0, (2.14)
Lh0 |ψ〉B =
∆
2
|ψ〉B , L
h
0 |ψ〉B =
∆
2
|ψ〉B (2.15)
It can be shown that the exponential operator which appears in (2.12) carries a
quasi-primary state |O∆〉 at the origin of Euclidean plane in the global coordinates
to the point (t, φ) = (0, 0) in the Lorentzian Poincare´ coordinates.
Next we will consider the conditions (1.6) related to W generators. The trans-
formed operators for finite ρ are presented in appendix A. By sending the conditions
(1.6) to the boundary, the following conditions for |ψ〉B are obtained in addition to
(2.8) and (2.9).
(W2 − 4W1 + 6W0 − 4W−1 +W−2) |ψ〉B = 0, (2.16)
(W 2 − 4W 1 + 6W 0 − 4W−1 +W−2) |ψ〉B = 0. (2.17)
As in the case of the global Virasoro generators, these conditions define W h2 and
W
h
2 for the Poincare´ coordinates in terms of those for global coordinates. Then the
algebra (1.4) determines remaining W hn ’s.
W h2 =
1
4
(W2 − 4W1 + 6W0 − 4W−1 +W−2),
W h1 =
1
4
(W2 − 2W1 + 2W−1 −W−2),
W h0 =
1
4
(W2 − 2W0 +W−2),
W h−1 =
1
4
(W2 + 2W1 − 2W−1 −W−2),
W h−2 =
1
4
(W2 + 4W1 + 6W0 + 4W−1 +W−2) (2.18)
Note that W hn with even n are hermitian operators and those with odd n are anti-
hermitian. A quasi-primary state of W3 algebra at the origin of Euclidean plane will
8
be denoted as
|∆, µ〉 = lim
t→i∞
O∆,µ(φ = 0, t)|0〉. (2.19)
This state satisfies the primary state conditions
L1|∆, µ〉 = 0,
L0|∆, µ〉 =
∆
2
|∆, µ〉,
W2|∆, µ〉 =W1|∆, µ〉 = 0,
W0|∆, µ〉 = µ|∆, µ〉 (2.20)
and similar conditions for Wn. The boundary state
|ψ∆,µ〉B = e
L−1+L−1 |∆, µ〉 (2.21)
satisfies (2.14)-(2.15) and
W h2 |ψ∆,µ〉B =W
h
1 |ψ∆,µ〉B = 0,
W h0 |ψ∆,µ〉B = µ|ψ∆,µ〉B (2.22)
and similar conditions with respect to W
h
n.
3 Construction of A Localized State
We will solve the conditions (1.5) and (1.6) for the localized state |ψ〉. This state
will be built on the boundary state |ψ〉B .
First we will consider the case of AdS3 and solve (1.5) without W extension.
Although this state was solved in [12] by a series expansion, we will obtain the state
here in terms of an integral representation. The localized state is represented in a
form
|ψ〉 =
∫
dxdx¯ f(x, x¯) exL
h
−1+x¯L
h
−1 |ψ∆〉B . (3.1)
Let us first consider the condition (1.5) with n = 0. When L0 is applied on |ψ〉, we
have
Lh0 |ψ〉 =
∫
dxdx¯ f(x, x¯)Lh0 e
xLh−1+x¯L
h
−1 |ψ∆〉B
=
∫
dxdx¯ f(x, x¯) exL
h
−1
(
e−xL
h
−1Lh0 e
xLh−1
)
ex¯L
h
−1 |ψ∆〉B . (3.2)
We work out the commutator e−xL
h
−1Lh0 e
xLh−1 = Lh0 + xL
h
−1 and replace L
h
0 by ∆/2
according to (2.15), and Lh−1 by ∂x due to exponential e
xLh−1 in the integrand. It is
9
assumed that the surface term drops out. Finally by performing partial integration,
we have
Lh0 |ψ〉 =
∫
dxdx¯
(∆
2
f(x, x¯)− x∂x f(x, x¯)
)
exL
h
−1+x¯L
h
−1 |ψ∆〉B (3.3)
By a similar rewriting of L
h
0 |ψ〉, the condition (L
h
0 −L
h
0)|ψ〉 = 0 yields an equation.
(x∂x − x¯∂x¯) f(x, x¯) = 0 (3.4)
The other two conditions in (1.5) produce the following equations.
(x2∂x +∆x) f(x, x¯) = 0, (3.5)
(x¯2∂x¯ +∆x¯) f(x, x¯) = 0 (3.6)
Solution to the above equations is given up to a multiplicative constant by f(x, x¯) =
(1 + xx¯)∆−2, and the localized state is obtained.
|ψ〉 =
∫
dxdx¯ (1 + xx¯)∆−2 exL
h
−1+x¯L
h
−1 |ψ∆〉B (3.7)
To carry out the integration, we put x = reiθ and x¯ = re−iθ. After expanding
the exponential in powers of r we carry out the θ integral. Then r integral is
performed term by term via analytical continuation in ∆, assuming that the sum
and r integration can be exchanged.
|ψ〉 =
π
1−∆
∞∑
n=0
(−1)n
n! (∆)n
(Lh−1L
h
−1)
n |ψ∆〉B (3.8)
Here (∆)n = ∆(∆+1) . . . (∆+n−1). This expression of the localized state coincides
with that obtained by a different method in [12]. Equivalence with the HKLL
construction is shown in Appendix A of [13].
In the case of spin 3 gravity, the localized state is obtained in a similar way. It
is obtained as an integral in a form
|ψ〉 =
∫
dxdx¯dydy¯dzdz¯ F (x, y, z, x¯, y¯, z¯) exW
h
−2eyW
h
−1ezL
h
−1
ex¯W
h
−2ey¯W
h
−1ez¯L
h
−1 |ψ∆,µ〉B . (3.9)
Here x¯, y¯, z¯ are complex conjugates of x, y, z, respectively. These variables have
nothing to do with the coordinates of spacetime. They are used only in this section
and appendix B. The function F is obtained by the same method as above for AdS3
gravity and the details are given in appendix B. The result is
F (x, y, z, x¯, y¯, z¯) =
[R+
R−
] 3
4
µ
T
∆−8
4 (3.10)
10
where
R+ = 1 + 2ζ |1 + ξ2|
2 + ζ2 |1− 4ξ1 − 2ξ2 − ξ
2
2 |
2, (3.11)
R− = 1 + 2ζ |1− ξ2|
2 + ζ2 |1 + 4ξ1 + 2ξ2 − ξ
2
2 |
2, (3.12)
T = 1 + 4ζ(1 + |ξ2|
2) + 2ζ2
{
|4ξ1 + 2ξ¯2|
2 + 3|ξ22 − 1|
2
}
+4ζ3
(
1 + |ξ2|
2
)−1{∣∣1 + |ξ2|4 − ξ22 − ξ¯22∣∣2
+
∣∣4(1 + |ξ2|2)ξ1 + 3ξ2 − ξ32 + ξ¯2 + ξ22 ξ¯2∣∣2
}
+ζ4
∣∣∣1− 16ξ21 − 16ξ1ξ2 − 6ξ22ξ42
∣∣∣2. (3.13)
Here ζ, ξi are variables defined by
ζ = zz¯ = |z|2, ξ1 =
x
z2
, ξ2 =
y
z
, ξ¯1 =
x¯
z¯2
, ξ¯2 =
y¯
z¯
. (3.14)
Hence an integral representation of the localized state is obtained. R+, R− and T are
manifestly positive definite. The integral in (3.9) may be carried out by analytical
continuation with respect to ∆, and the solution to the condition (1.6) will exist.
The integral is not yet evaluated explicitly. Finally, notice that no relation between
∆ and µ is required for existence of the localized state.
4 Infinite Dimensional Representation of Lhn and W
h
n in
the Bulk
The localized state obtained in the previous section can be moved to arbitrary
positions at (x+, x−, y) in the bulk by unitary transformations. It is also possible
to carry out extra W3 transformations on this state. This will move the state in
the ‘internal space’. In the following we will work out this construction in Poincare´
coordinates. As in [13] the explicit form of the localized state in the product of the
bulk space and ‘internal space’ will be given by
|Φ(x+, α+, β+, x−, α−, β−, y, γ)〉
= eix
+Lh−1 eix
−L
h
−1 eiα
+Wh−2 eiα
−W
h
−2 eβ
+Wh−1 eβ
−W
h
−1 e−
i
2
γ(Wh0 +W
h
0 ) yL
h
0+L
h
0 |φ〉, (4.1)
where x± = t±x are light-cone coordinates on the boundary in Poincare´ coordinates,
y is the radial coordinate, and α± and β±, γ are parameters of the global W3
transformation in the c→∞ limit.
By studying SL(3, R) ⊗ SL(3, R) transformation of this localized state at arbi-
trary point we will be able to obtain representation of Lhn and W
h
n in the bulk in
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terms of differential operators. This is the purpose of this section. First, let us apply
e−ǫL
h
−1 on |Φ〉, where ǫ is an infinitesimal parameter. We have
e−ǫL
h
−1 |Φ(x+, α+, β+, x−, α−, β−, y, γ)〉 = |Φ(x+ + iǫ, α+, β+, x−, α−, β−, y, γ)〉
≡ eǫ Lˆ
h
−1 |Φ(x+, α+, β+, x−, α−, β−, y, γ)〉 (4.2)
and this defines a differential operator Lˆh−1 = i∂x+ .
10 For the other generators the
exponential of the generator is moved to the right by using the W3 algebra until it
reaches the localized operator |φ〉 at the central point, and the conditions (1.5) and
(1.6) are used and then the exponential is moved back to the left. By this procedure
we identify the following representation.
Lˆh−1 = i∂+,
Lˆh0 = −x
+∂+ − 2α
+∂α+ − β
+∂β+ −
1
2
y∂y,
Lˆh1 = −i[(x
+)2 − 3(β+)2]∂+ − ix
+y∂y − 3iβ
+∂γ + i[2(β
+)3 − 4x+α+]∂α+
−i[2x+β+ + 4α+]∂β+ − iy
2 cos(2γ)∂− − iy
2 cos(2γ)β−∂α− − iy
2 sin(2γ)∂β− ,
(4.3)
Wˆ h−2 = i∂α+ ,
Wˆ h−1 = −x
+∂α+ − ∂β+ ,
Wˆ h0 = 2iβ
+∂+ + i[−(x
+)2 + (β+)2]∂α+ − 2ix
+∂β+ − i∂γ ,
Wˆ h1 = 3x
+∂γ + [4α
+ − 6x+β+]∂+ + [(x
+)3 − 3x+(β+)2]∂α+ + [3(x
+)2 − (β+)2]∂β+
−β+y∂y − y
2 sin(2γ)∂− − β
−y2 sin(2γ)∂α− + y
2 cos(2γ)∂β− ,
Wˆ h2 = −i
[
3(β+)4 − (x+)4 − 16(α+)2 + 6(x+)2(β+)2
]
∂α+
+i
[
y4 + 4y2β−β+ cos(2γ)− 4y2β−x+ sin(2γ)
]
∂α−
+i
[
16α+β+ − 4x+(β+)2 + 4(x+)3
]
∂β+
+iy2
[
4β+ sin(2γ) + 4x+ cos(2γ)
]
∂β− − i
[
4(β+)3 + 12β+(x+)2 − 16x+α+
]
∂+
+iy2
[
4β+ cos(2γ)− 4x+ sin(2γ)
]
∂− + i
[
6(β+)2 + 6(x+)2
]
∂γ
+i
[
8α+ − 4x+β+
]
y∂y (4.4)
Here ∂± denotes ∂x± for simplicity. The expressions for Lˆ
h
n and Wˆ
h
n are obtained by
an exchange +↔ −. These generators satisfy the wedge-mode algebra (1.4). In the
remaining part of this paper, the ‘hat’ for the differential operators will be omitted
for simplicity of notation.
10The flip of sign in front of ǫ is necessary to insure correct algebra.
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5 Scalar Equation of Motion and W Geometry as RG
Flow
The localized state obtained in the preceding section satisfy a differential equa-
tion, which also depends on differential operators ∂α± , ∂β± , and ∂γ . This is derived
by using quadratic Casimir operator of SL(3,R) like SL(2,R) case[15][13]. This is
given by
C2(L,W ) = (L
h
0)
2 −
1
2
(Lh1L
h
−1 + L
h
−1L
h
1) +
1
8
(W h2W
h
−2 +W
h
−2W
h
2 )
−
1
2
(W h1 W
h
−1 +W
h
−1W
h
1 ) +
3
4
(W h0 )
2. (5.1)
By using
(
C2(L,W ) + C2(L,W )
)
|O∆,µ〉 =
1
2
{
∆2 − 8∆ + 3µ2
}
|O∆,µ〉, (5.2)
and the representation (4.4), Klein-Gordon equation in W space is derived.
[
y2∂2y − 7y∂y − 3∂
2
γ − 4y
2 cos 2γ ∂x+∂x− − 4y
2 cos 2γ (β−∂x+∂α− + β
+∂x−∂α+)
−4y2 sin 2γ(∂x+∂β− + ∂x−∂β+)− 4y
2 sin 2γ(β+∂α+∂β− + β
−∂α−∂β+)
−(y4 + 4β+β−y2 cos 2γ)∂α+∂α− + 4y
2 cos 2γ∂β+∂β− −m
2ℓ2AdS
]
|Φ〉 = 0, (5.3)
wherem is a mass of the scalar field, ℓAdS AdS length, and m
2ℓ2AdS = ∆
2−8∆+3µ2,
which gives
∆ = 4 +
√
m2ℓ2AdS + 16− 3µ
2. (5.4)
Eq (5.3) is an equation of motion for a scalar field propagating in an 8d spacetime
with the metric field given by
ds28 =
(8)gMN dx
MdxN
= y−2 dy2 − y−4(y2 cos 2γ + 4β+β−)dx+dx− − 4y−4dα+dα−
+y−2 cos 2γdβ+dβ− + 4y−4(β+dx+dα− + β−dx−dα+)
−y−2 sin 2γ(dx+dβ− + dx−dβ+)−
1
3
dγ2, (5.5)
where xM = (x+, x−, y, α+, α−, β+, β−, γ). The determinant of this metric is (8)g =
det (8)gMN =
1
12y
−18. It can be shown that this metric satisfies Einstein equation,
(8)RMN −
1
2
(8)gMN
(8)R = −Λ8
(8)gMN (5.6)
with a negative cosmological constant Λ8 = −36, where the cosmological constant of
the original AdS3 is Λ3 = −1 (ℓAdS = 1 in our units). The metric (5.5) is, however,
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not the one of AdS8 space. It has signature (+,+,+,+,−,−,−,−) and isometry of
(5.5) is only SL(3,R) ⊗ SL(3,R). This is an analog of superspace in supersymmetric
theory, because commutators of Wm’s are given in terms of Ln (1.4).
The original physical AdS3 space is the hypersurface embedded at α
± = β± =
γ = 0 in this W space. Other hypersurfaces with constant non-vanishing α±, β±
and γ may also be considered. An induced metric on this hypersurface is given by
ds28
∣∣∣
hypersurface
= y−2 dy2 − y−4(y2 cos 2γ + 4β+β−)dx+dx−. (5.7)
Property of the hypersurface depends on the values of γ and β±.
• When β+, β− = 0 and −π4 < γ <
π
4 , the hypersurface corresponds to an
ordinary AdS3 vacuum with AdS length ℓAdS .
• When β+β− > 0 and γ = ±π4 , β
± can be absorbed by rescaling of y and
the hypersurface is again AdS3 but with other value of AdS length ℓ
′
AdS =
1
2 ℓAdS =
1
2 , because y
−2dy2 = 14 (y
2)−2(d(y2))2.
• For γ 6= ±π4 and β
+β− > 0 the spacetime on the hypersurface is not AdS,
but asymptotically AdS. This is a solution interpolating two vacua: one cor-
responding to UV CFT at y = 0 with a AdS length ℓ′AdS, and the other to IR
CFT at y =∞ with ℓAdS. Hence conformal symmetry is broken in the bound-
ary field theory for non-zero β+β−. When β± → ∞, conformal symmetry is
recovered.
This observation suggests that the parameters β± also play the role of holographic
renormalization group scales, which the radial variable y plays in the conventional
AdS/CFT correspondence:11 when the values of β± are sent to infinity, then the
dual CFT may flow to another one. 12 Metric (5.5) appears to describe a structure
of renormalization group flows between W3 vacua. It is stressed that the physical
spacetime is a 3D hypersurface with constant α±, β± and γ embedded in the 8D
space. As the values of these variables are changed, the spacetime as well as the
dual CFT change just like they do as the radial variable y changes.
11Restricting the bulk fields to a hypersurface with fixed values of α, β, γ is equivalent to trans-
forming all the fields by eiαW
h
−2eβW
h
−1e
i
2
γWh0 with these values as fixed backgrounds. This trans-
formation may be equivalent to adding some perturbations to the action integral.
12In [22] a solution to equation of motion for sl(3,R) ⊗ sl(3,R) CS gauge theory which interpolates
between two vacua was presented. This solution agrees with the induced metric (5.7). This fact
may be an evidence that (3.9) is a correct localized state in 3D spin-3 gravity.
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This view point is interesting and worth further investigation. In sec. 6 two-
and three-point correlation functions of quasi-primary operators in W3-extended
CFT are calculated, and in sec. 7 it is shown that introduction of infinite-valued
β± background to the quasi-primaries actually modifies the conformal weights of
quasi-primary fields.
6 Correlation Functions on the Boundary
In the preceding section representation (4.4) of W-algebra generators in the bulk
in terms of differential operators are obtained. In this section this result will be
used to to study correlation functions of quasi-primary operators. In the case of
global Virasoro algebra the descendants of quasi-primary states |O∆〉 are given by
(L−1)
n|O∆〉 (n = 1, 2, ...) and these states are put into one to one correspondence
with local states at arbitrary boundary points by a map |ψ(x+)〉 = eix
+L−1 |O∆〉.
Actually, this new state is a quasi-primary state with respect to new generators
L1(x
+) and L0(x
+) at point x+. Hence descendants created by the raising operators
of the wedge algebra plays an important role in the representation theory. In the
case of W3 algebra (in the c → ∞ limit), W−2 and W−1 are such raising operators
and it will be natural to introduce an ‘internal space’ with coordinates α± and β± in
accord with (4.1). Descendants generated byW−2 andW−1 are organized into quasi-
primary states with respect to new generators Ln(x
+, α+, β+) and Wn(x
+, α+, β+)
at point (α+, β+) in the ‘internal space’, as well as point x+ on the boundary.
Because the commutators of Wn’s are Lm, the coordinates of this ‘internal space’
mix with those of the real 2d spacetime, x+, under SL(3,R) transformation.
We need representation of the holomorphic SL(3,R) generators on the boundary.
This is done by replacement
y∂y → ∆ = 2h, (6.1)
∂γ → −iµ. (6.2)
and a subsequent limit y → 0 in (4.4).
Lh−1 = i∂+,
Lh0 = −x
+∂+ − 2α
+∂α+ − β
+∂β+ −
1
2
∆,
Lh1 = −i[(x
+)2 − 3(β+)2]∂+ − 3µβ
+ + i[2(β+)3 − 4x+α+]∂α+
−i[2x+β+ + 4α+]∂β+ − i∆x
+ (6.3)
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W h−2 = i∂α+ ,
W h−1 = −x
+∂α+ − ∂β+ ,
W h0 = 2iβ
+∂+ + i[−(x
+)2 + (β+)2]∂α+ − 2ix
+∂β+ − µ,
W h1 = [4α
+ − 6x+β+]∂+ + [(x
+)3 − 3x+(β+)2]∂α+
+[3(x+)2 − (β+)2]∂β+ −∆β
+ − 3iµx+,
W h2 = −i
[
3(β+)4 − (x+)4 − 16(α+)2 + 6(x+)2(β+)2
]
∂α+
+i
[
16α+β+ − 4x+(β+)2 + 4(x+)3
]
∂β+
−i
[
4(β+)3 + 12β+(x+)2 − 16x+α+
]
∂+
+6µ
[
(β+)2 + (x+)2
]
+ i∆
[
8α+ − 4x+β+
]
(6.4)
These generators satisfy sl(3,R) algebra (1.4). Similar representation is presented
in sec 15.7.4 of [19]. 13 This representation of sl(3,R), however, differs from (6.4).
Although this representation may be made coincide with (6.4) by change of variables,
in order to find out appropriate way of changing variables, if any, knowledge of
(6.4) itself is necessary. Because variables α+ and β+ correspond to W h−2 and W
h
−1
descendants, (6.4) must be used for our purpose.
Let O∆i,µi(x
+
i , α
+
i , β
+
i ) (i = 1, 2) be two holomorphic quasi-primary operators
at points (x+i , α
+
i , β
+
i ) in the W space. Due to invariance of the vacuum two-point
function of these operators,
G12(x
+
1 , α
+
1 , β
+
1 ;x
+
2 , α
+
2 , β
+
2 ) = 〈0|TO∆1,µ1(x
+
1 , α
+
1 , β
+
1 ) O∆2,µ2(x
+
2 , α
+
2 , β
+
2 )|0〉
(6.5)
should satisfy the following differential equations. T is the time-ordering prescrip-
tion.14
(
Lh (1)n + L
h (2)
n
)
G12 = 0, (6.6)(
W h (1)n +W
h (2)
n
)
G12 = 0 (6.7)
Here superscripts (1) and (2) on Lhn and W
h
n refer to each operator O∆i,µi . This
two-point function is non-vanishing, if and only if ∆1 = ∆2 and µ1 + µ2 = 0 are
satisfied. Condition stemming from Lh−1 restricts G12 to depend on x
+
1 and x
+
2 only
through a combination x+12 = x
+
1 − x
+
2 . Similarly, due to the condition from W
h
−2,
13See also eqs (2.25)-(2.32) of [20].
14Correlation functions in W3 CFT are computed by Fateev and Ribault in [20] by using the same
methods and by using representation of sl(3,R) in terms of their variables (x, y, w). Connection of
these variables to our (x+, α+, β+) is not known.
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G12 is a function of α
+
12 = α
+
1 − α
+
2 . The remaining equations in (6.6) and (6.7)
determine G12 up to an overall constant. For a time order t1 > t2 it is given by
G12 = (D12)
− 1
4
∆1+
3
4
µ1 (D∗12)
− 1
4
∆1−
3
4
µ1 . (6.8)
Here D12 and D
∗
12 are defined by
D12 = (x
+
1 − x
+
2 )
2 + (β+1 − β
+
2 )
2 + 2i(x+1 − x
+
2 )(β
+
1 + β
+
2 )− 4i(α
+
1 − α
+
2 ),
D∗12 = (x
+
1 − x
+
2 )
2 + (β+1 − β
+
2 )
2 − 2i(x+1 − x
+
2 )(β
+
1 + β
+
2 ) + 4i(α
+
1 − α
+
2 ).
(6.9)
Two-point function for other time ordering is obtained by t → t − iǫ prescription.
For completeness transformation property of D12 under (6.4) is given as follows.
(
L
h (1)
−1 + L
h (2)
−1
)
D12 = 0,(
L
h (1)
0 + L
h (2)
0
)
D12 = −(2 + ∆)D12(
L
h (1)
1 + L
h (2)
1
)
D12 = −i[2(x
+
1 + x
+
2 ) + 2i(β
+
1 − β
+
2 ) + ∆1 (x
+
1 + x
+
2 )
−3iµ1(β
+
1 − β
+
2 )]D12,(
W
h (1)
−2 +W
h (2)
−2
)
D12 = 0,(
W
h (1)
−1 +W
h (2)
−1
)
D12 = 0,(
W
h (1)
0 +W
h (2)
0
)
D12 = 0,(
W
h (1)
1 +W
h (2)
1
)
D12 = i[2(x
+
1 − x
+
2 ) + 2i(β
+
1 + β
+
2 ) + i∆1(β
+
1 + β
+
2 )
−3µ1(x
+
1 − x
+
2 )]D12,(
W
h (1)
2 +W
h (2)
2
)
D12 = 4
[
4i(α+1 + α
+
2 )− (iβ
+
1 + x1)
2 + (iβ+2 − x
+
2 )
2
−2(β+1 )
2 + 2(β+2 )
2 + 2i∆1(α
+
1 + α
+
2 )
−i∆1(x
+
1 β
+
1 + x
+
2 β
+
2 )
+
3
2
µ1{(β
+
1 )
2 − (β+2 )
2 + (x+1 )
2 − (x+2 )
2}
]
D12, (6.10)
where ∆2 = ∆1 and µ2 = −µ1 are used.
Let us now consider three-point functionG123 ofO∆i,µi(x
+
i , α
+
i , β
+
i )’s (i = 1, 2, 3),
although analysis in this paper is restricted to c → ∞ limit. This is interesting in
W3 CFT in its own right.
G123 (x
+
1 , α
+
1 , β
+
1 ;x
+
2 , α
+
2 , β
+
2 ;x
+
2 , α
+
2 , β
+
2 )
= 〈0|T O∆1,µ1(x
+
1 , α
+
1 , β
+
1 ) O∆2,µ2(x
+
2 , α
+
2 , β
+
2 ) O∆3,µ3(x
+
3 , α
+
3 , β
+
3 )|0〉(6.11)
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Like the two-point function, G123 is a solution to the following equations
( 3∑
i=1
Lh (i)n
)
G123 = 0,
( 3∑
i=1
W h (i)n
)
G123 = 0. (6.12)
and G123 is non-zero only for µ1 + µ2 + µ3 = 0. Contrary to the case of global
Virasoro algebra without W-algebra extension, there are three linearly independent
solutions to these equations.
G123 = (D12D
∗
12)
− 1
8
(∆1+∆2−∆3) (D23D
∗
23)
− 1
8
(∆2+∆3−∆1)
(D13D
∗
13)
− 1
8
(∆1+∆3−∆2)K, (6.13)
K =


(
D13
D∗
13
) 3
4
µ1
(
D23
D∗
23
) 3
4
µ2
, or(
D21
D∗21
) 3
4
µ2
(
D31
D∗31
) 3
4
µ3
, or(
D32
D∗32
) 3
4
µ3
(
D12
D∗12
) 3
4
µ1
(6.14)
For K linear combination of these terms is possible. There is, however, some re-
striction depending on the operators. When one of the operator is an identity, a
three-point function must reduce to a two-point function. If O∆3,µ3 is an identity,
µ3 = 0 and ∆1 = ∆2. Then the solution in the first line of K cannot be present,
because the coordinates x±3 do not cancel.
7 RG Flow
In the previous section correlation functions of holomorphic quasi-primary op-
erators at point (x+, α+, β+) with conformal weight h = ∆2 and W3 charge µ are
computed. It is interesting whether there exists a point where the conformal weight
changes, if the parameters β± are changed. We will study this problem by investi-
gation of two (and three) point functions.
The two-point function (6.8) is written in terms of a function D12 (6.9) and its
complex conjugate D∗12. If two operators are put on a hypersurface with α
+ = α0
and β+ = β0, then two operators have α
+
i = α0 and β
+
i = β0 (i = 1, 2), and α0
disappears from D12, while β0 remains:
D12 → (x
+
1 − x
+
2 )
2 + 4i(x+1 − x
+
2 )β0 = (x
+
1 − x
+
2 ) [x
+
1 − x
+
2 + 4iβ0] (7.1)
For β0 = 0 this corresponds to conformal two-point function with conformal di-
mension ∆1. However, the background with non-vanishing β0 breaks conformal
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invariance.15 Conformal invariance is recovered by taking β0 to infinity after chang-
ing the normalization of the quasi-primary field by multiplication of an appropriate
power of β0, i.e., β
1
2
∆1
0 . Because the factor which contains β0 cancels with this mul-
tiplication factor in the two-point function (6.8), the conformal dimension changes
from ∆1 to
1
2∆1 and W3 charge µ vanishes at the end of the limit. Same conclusion
can be reached for the three-point function (6.13). Hence the CFT flows to another
one.
To summarize, operators
Φˆ(x+, β0) = β
1
2
∆
0 e
ix+Lh−1eβ0W
h
−1 eL−1Φ(0)eL1e−β0W
h
−1e−ix
+Lh−1 , (7.2)
where Φ(0)’s are holomorphic primary operators with h = ∆2 at the origin of Eu-
clidean plane, have conformal correlation functions of conformal weight h′ = 12h in
the limit β0 → ∞. This RG flow proceeds along β direction at y = 0 in the higher
dimensional space with metric (5.5). This is similar to the holographic RG flow in
the radial direction y. Because β± appears in the metric (5.5) in the combination
β+β−/y4 with y, the limit β± →∞ corresponds to y → 0, i.e. UV.
In [22] and [23] two vacua corresponding to two types of embedding of sl(2,R) al-
gebra into sl(3,R) are studied. One embedding, a principal one, employs (L1, L0, L−1)
as generators of sl(2,R) and corresponds to the standard W3 algebra. In the other
embedding called a non-principal one, (Lˆ1, Lˆ0, Lˆ−1) = (
1
4W2,
1
2L0,−
1
4W−2) gener-
ates sl(2,R) and this embedding gives rise to a new algebra known as W
(2)
3 [24]. On
the gravity side an interpolating solution connecting these two vacua was found in
[22]. In the non-principal embeddingW±2 and L0 correspond to the stress tensor T ,
and the other generators of sl(3,R) to a U(1) current U and two spin 3/2 currents
G±. Hence the conformal weights of the currents h changes to h
′ = h/2. Because
this pattern of the change of conformal weights is the same, this W
(2)
3 vacuum will
also be the one to which CFT will flow in our RG. Our RG flow will, however, be
triggered by some additional terms in the action, which is different from those in
[22].
We will now argue that these additional terms to the action are given by
∆S = −iβ+W h−1 − iβ
−W
h
−1
= −
i
4
β+(W2 + 2W1 − 2W−1 −W−2)−
i
4
β−(W 2 + 2W 1 − 2W−1 −W−2)
(7.3)
15Note that here we fixed β+ = β0 and do not treat it as a coordinate.
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There are (−i)’s, because W h−1 is anti-hermitian operator and its c-number coun-
terpart is pure imaginary. In what follows only the holomorphic part is considered.
Recall that under the flow an operator O(x) = eix
+Lh−1O(0)e−ix
+Lh−1 transforms as16
O(x) → eix
+Lh−1eβ
+Wh−1O(0)e−β
+Wh−1e−ix
+Lh−1
= eβ
+Wh−1 eix
+L
h
−1O(0)e−ix
+L
h
−1 e−β
+Wh−1
≡ eβ
+Wh−1 O(x) e−β
+Wh−1 (7.4)
Here Lhn ≡ e
−β+Wh−1Lhne
β+Wh−1 . Notice that W h−1 = W
h
−1 ≡ e
−β+Wh−1W h−1e
β+Wh−1 .
Because Lh−1 and W
h
−1 do not commute, after the transformation by e
β+Wh−1 sl(3,R)
generators change. The fact that Lh−1 changes to L
h
−1 = L
h
−1− β
+W h−2 is consistent
with the expectation that when additional terms are added to the action, they will
give rise to new contributions to the stress tensor. Furthermore for β+ → ∞, Lh−1
corresponds to the Virasoro generator for W
(2)
3 vacuum. O(x) is an abbreviation
for the operator shifted by Lh−1.
Then arbitrary states of form |ψ〉 = O1(x
+
1 )O2(x
+
2 ) · · · On(x
+
n )|0〉 are trans-
formed according to
|ψ〉 → eβ
+Wh−1|ψ〉, (7.5)
where |ψ〉 = O1(x
+
1 )O2(x
+
2 ) · · ·On(x
+
n )|0〉. In the path-integral formalism this
transformation is achieved by adding to the action a term ∆S = −iβ+W h−1. As
mentioned above, we regard this additional term in the action as the origin of the
change of the translation generator Lh−1.
In the case of a similar transformation generated by Lh−1
Oi → e
iδx+Lh−1Oie
−iδx+Lh−1 (7.6)
states |ψ〉 are transformed as
|ψ〉 → eiδx
+Lh−1 |ψ〉 = eiδx
+(Hh−Ph)|ψ〉, (7.7)
where Hh and P h are Hamiltonian and a momentum operator, respectively. These
operators translate the system along the boundary directions, but do not alter the
system. There is no flow.
In the flow discussed in this paper the stress tensor T++, which is a quasi-primary
operator with h = 2, will flow to a current U+, which has h = 1. This can be easily
16See (7.2). Here we changed notation and O(0) stands for an operator on the point x± = t±φ = 0
of the cylindrical boundary.
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shown by the same method mentioned above. Then is there a stress tensor T ′++ at
the end of flow? If the limit is also a CFT, it must exist, and this would flow from
an h = 4 current in the IR (i.e., first UV). In general there is no such quasi-primary
operator in W3 extended CFT. Although there are h = 4 operators Λ and ∂
2T ,
states created by these are not quasi-primary:
L1|Λ(0)〉 = 5|∂T (0)〉, L0|Λ(0)〉 = 4|Λ(0)〉,
W2|Λ(0)〉 = |T (0)〉, W1|Λ(0)〉 = |W (0)〉, W0|Λ(0)〉 = 3|W (0)〉 (7.8)
L1|∂
2T (0)〉 = |∂T (0)〉, L0|∂
2T (0)〉 = 4|∂2T (0)〉,
W2|∂
2T (0)〉 = 0, W1|∂
2T (0)〉 = |W (0)〉, W0|∂
2T (0)〉 = |∂W (0)〉(7.9)
Here |T (0)〉 ≡ limz→0 T (z)|0〉. W (z) and Λ(z) are the W current and the normal-
ordered product of T , Λ = (T, T )−(3/10)∂2T , respectively. At present ,it is not clear
with our method if some linear combination of Λ and ∂2T would flow to the new
stress tensor T ′. This question may be answered by constructing two-point functions
which are compatible with these conditions (7.8), (7.9) and taking β → ∞ limit.
Similarly, the state created byW is not also quasi-primary (W1|W (0)〉 = −20|T (0)〉,
etc.) and it is not known if two h = 3/2 currents could be obtained at the end of
flow. This analysis is left for future study.
8 Summary
In this paper 3D spin-3 gravity is studied from the point of view of bulk re-
construction and it is demonstrated explicitly that the localized state can be con-
structed for spin-3 gravity (in an integral form (3.9) with (3.10)). For that purpose
coordinates α±, β±, γ of the ‘internal space’ which correspond to the wedge mode
generators of W3 algebra, W−2,W−1,W0 are introduced. The equation of motion for
a scalar field is written in W space including the ‘internal space’ and it is found that
the metric of 8d gravitational background describes a RG flow between two AdS3
vacua. This is confirmed by calculation of two- and three-point functions of Virasoro
quasi-primary operators, which are W-descendants. By taking β+ →∞ limit, where
β+ is a source for W−1 generator, the two-point functions of quasi-primary fields
with conformal weight h flow to those with conformal weight h′ = h/2. Further
study of this RG flow is necessary. It is interesting to investigate how do operators
W and Λ flow and whether it is possible to start with W
(2)
3 vacuum and then flow
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back to W3 vacuum. In this paper it is found that by extending the spacetime to
include the ‘W directions’, Ln and Wn transformations acquire a meaning of diffeo-
morphism in the extended space in large c limit, and representation of linear W3
algebra in terms of differential operators is also constructed. This construction may
be extended to the modes of L and W outside the wedge. To summarize, in the case
of W3 extended CFT, duality and holographic RG flow are realized in the extended
higher-dimensional space.
It is stressed that the physical spacetime is a 3D hypersurface embedded in the
higher D spacetime with constant α, β and γ. Its metric is given by (5.7). When
these variables are varied, then the bulk and boundary theories change. When β
is changed, the boundary theory flows. α is a simple translation parameter. γ can
be absorbed into rescaling of y as long as cos 2γ > 0. A bulk state of a scalar field
on the 3D hypersurface with fixed β is defined in terms of a boundary state on the
same hypersurface through bulk reconstruction.
Let us enumerate a few problems to study left for future. In this paper only the
large c limit is considered. How to incorporate 1/c corrections must be studied. In
this case modes outside the wedge such as Ln (|n| ≥ 2) must be taken into account
due to nonlinear terms in the algebra. In the gravity background studied in this
paper spin-3 gauge field is not introduced. How to define spin-3 gauge field needs to
be studied. Then interpretation of the spin-3 geometry as RG flows in the W space
may be further elucidated. It is also interesting to find and understand W3 black
hole solutions in this space.
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A Constraints on the Boundary State
Transformation of Wn in (2.2) is given by
g(ρ)W2 g(ρ)
−1 =
1
4
(
cosh2 2ρ+ 2cosh ρ+ 1
)
W2 − sinh ρ
(
cosh ρ+ 1
)
W1
+
3
2
sinh2 2ρW0 +W−1 sinh ρ
(
1− cosh ρ
)
+
1
4
(
cosh2 2ρ− 2 cosh ρ+ 1
)
W−2, (A.1)
g(ρ)W1 g(ρ)
−1 =
−1
8
(
sinh 2ρ+ 2 sinh ρ
)
W2 +
1
2
(
cosh 2ρ+ cosh ρ
)
W1 −
3
4
sinh 2ρW0
+
1
2
W−1
(
cosh 2ρ− cosh ρ
)
+
1
8
(
− sinh 2ρ− 2 sinh ρ
)
W−2, (A.2)
g(ρ)W0 g(ρ)
−1 =
1
8
(
cosh 2ρ− 1
)
W2 −
1
2
sinh 2ρW1 +
1
4
(
3 cosh 2ρ+ 1
)
W0
−
1
2
sinh 2ρW−1 +
1
8
(
cosh 2ρ− 1
)
W−2, (A.3)
g(ρ)W−1 g(ρ)
−1 = −
1
8
(
sinh 2ρ+ 2 sinh ρ
)
W2 +
1
2
(
cosh 2ρ− cosh ρ
)
W1 −
3
4
sinh 2ρW0
+
1
2
W−1
(
cosh 2ρ+ cosh ρ
)
−
1
8
(
sinh 2ρ+ 2 sinh ρ
)
W−2, (A.4)
g(ρ)W−2 g(ρ)
−1 =
1
4
(
cosh2 2ρ− 2 cosh ρ+ 1
)
W2 + sinh ρ
(
1− cosh ρ
)
W1 +
3
2
sinh2 2ρW0
+
1
4
(
cosh2 2ρ+ 2cosh ρ+ 1
)
W−2 − sinh ρ
(
cosh ρ+ 1
)
W−1, (A.5)
Similar relations are obtained for barred (anti-holomorphic) generators.
Then the boundary limits (ρ→∞) of Wn − (−1)
nW−n are given by
lim
ρ→∞
g(ρ) (W2 −W−2) g(ρ)
−1
=
1
6
e2ρ
(
W2− 4W1+6W0− 4W−1+W−2 +4W−1− 6W 0−W−2+4W 1−W 2
)
,
(A.6)
lim
ρ→∞
g(ρ) (W1 +W−1) g(ρ)
−1
=
1
16
e2ρ
(
−W2+4W1−6W0+4W−1−W−2 +4W−1−6W 0−W−2+4W 1−W 2
)
,
(A.7)
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lim
ρ→∞
g(ρ) (W0 −W 0) g(ρ)
−1
=
1
16
e2ρ
(
W2−4W1+6W0−4W−1+W−2 +4W−1−6W 0−W−2+4W 1−W 2
)
,
(A.8)
By using these results the following two independent conditions on the boundary
state are obtained.
(W2 − 4W1 + 6W0 − 4W−1 +W−2) |ψ〉B = 0, (A.9)
(W 2 − 4W 1 + 6W 0 − 4W−1 +W−2) |ψ〉B = 0. (A.10)
B Derivation of F (3.10)
In this section the functionR in (3.10) will be obtained. Condition (Lh0−L
h
0)|ψ〉 =
0 is transformed to an equation on F by the same procedure as that used in deriving
(3.4):
(z∂z + y∂y + 2x∂x)F = (z¯∂z¯ + y¯∂y¯ + 2x¯∂x¯)F. (B.1)
This equation implies that one of the six variables are redundant in the same way
as (3.4) means f(x, x¯) is a function only of xx¯. Let us introduce the following five
variables
ζ = zz¯ = |z|2, ξ1 =
x
z2
, ξ2 =
y
z
, ξ¯1 =
x¯
z¯2
, ξ¯2 =
y¯
z¯
. (B.2)
If F is regarded as a function of ζ, ξi and ξ¯i, then identities
(z∂z + y∂y + 2x∂x)F = ζ∂ζ F,
(z¯∂z¯ + y¯∂y¯ + 2x¯∂x¯)F = ζ∂ζ F (B.3)
hold. Hence (B.1) is automatically satisfied.
Similarly, conditions from Lh1 +L
h
−1, W
h
0 −W
h
0 , W
h
1 +W
h
−1 and W
h
2 −W
h
−2 = 0
are given, respectively, by
• [(y3 + 3yz2)∂x − (4x+ 6yz)∂y − (z
2 + 3y2)∂z − ∂z¯ + (∆− 8)z
+3µy + y¯∂x¯]F = 0, (B.4)
• [(y2 + z2)∂x − 2z∂y − 2y∂z − (y¯
2 + z¯2)∂x¯ + 2z¯∂y¯ + 2y¯∂z¯]F = 0, (B.5)
• (4x− 2yz)∂zF − (y
2 + 3z2)∂yF + (2z
3 − 4xy)∂xF − ∂y¯F
+[3µz + (∆− 8)y]F = 0, (B.6)
• [6µ(z2 − y2)− 4∆yz − 8∆x+ 32yz + 64x]F + [3z4 − 6y2z2 − y4 + 16x2]∂xF
+[−4z3 + 12y2z + 16xy]∂yF + [4yz
2 + 4y3 + 16xz]∂zF + ∂x¯F = 0. (B.7)
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and there are also complex conjugates of these equations. These equations are
rewritten in terms of (B.2) as
• − [1 + 3ζξ22 + ζ]ζ∂ζF + ζ[ξ
3
2 + 3ξ2 + 2ξ1 + 6ξ1ξ
2
2 ]∂ξ1F
−ζ[4ξ1 + 5ξ2 − 3ξ
3
2 ]∂ξ2F + (2ξ¯1 + ξ¯2)∂ξ¯1F + ξ¯2∂ξ¯2F
+(∆− 8)ζF + 3µζξ2F = 0, (B.8)
• [1 + 4ξ1ξ2 + ξ
2
2 ]∂ξ1F − 2[1− ξ
2
2 ]∂ξ2F − 2ζξ2∂ζF
−[1 + 4ξ¯1ξ¯2 + ξ¯
2
2 ]∂ξ¯1F + 2[1 − ξ¯
2
2 ]∂ξ¯2F + 2ζξ¯2∂ζF = 0, (B.9)
• [4ξ1 − 2ξ2]ζ∂ζF + 2[1− 4ξ
2
1 ]F + [−3 + ξ
2
2 − 4ξ1ξ2]∂ξ2F − ζ
−1∂ξ¯2F
+[3µ+ (∆ − 8)ξ2]F = 0, (B.10)
• [3− 2ξ22 − ξ
4
2 + 16ξ
2
1 − 8ξ1ξ2 − 8ξ1ξ
3
2 − 32ξ
2
1 ]∂ξ1F + [−4 + 12ξ
2
2 − 4ξ
2
2 − 4ξ
4
2 ]∂ξ2F
+[4ζξ2 + 4ζξ
3
2 + 16ζξ1]∂ζF + ζ
−2∂ξ¯1F
+[6µ− 6µξ22 + (32− 4∆)(ξ2 + 2ξ1)]F = 0. (B.11)
Up to a multiplicative constant, solution to these equations and their complex con-
jugates are given by (3.10).
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